Tutorial Notes 12

1. Find the outward flux of F' = (z?,y?, 2%) across the boundaries of the following re-

gions:
(@0<z<10<y<10<z<1

) —1<2<1,-1<y<l,-1<z<1
() 22+ <4,0<2< 1.

Solutions:
div F' = 2z + 2y + 2z. By the divergence theorem, it suffices calculate the integrals of
div F on these regions, which are denoted by €2y, (25, (25.

(a)
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(b) By symmetry, the integral vanishes.

(c) By symmetry,

/mdxdydz:/ ydedydz = 0.
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It suffices to calculate
/ 2zdxdydz,
Q3

which is equal to, in cylindrical coordinates,
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2. Find the outward flux of F' = (2xz, —xy, —2z?) across the boundary of the region:
Y4z <4, 42% +9y* <16, 2,9, z > 0.
Solutions:

div F' = —z. By the divergence theorem, it suffices to calculate
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which is equal to

/04/o4y <y§2_2> dZdy:/04(4—y) <y§2—2) dy = _430.

3. (a) Prove that the outward flux of F' = (x,y, z) across a boundary of a region is three

times the volume of the region.
(b) Prove that for a smooth closed surface, F' can not be orthogonal to the normal
vector everywhere.

Solutions:

(a) Duetodiv F' = 3 and the divergence theorem, the conclusion follows immediately.

(b) Assume that F' is orthogonal to the normal vector everywhere, then the outward

flux of F' vanishes, which is a contradiction.

4. Consider the curved cube ): 0 < z < f(z,y),0 <2 < 1,0 <y < 1. Suppose that
F = (xz,—2y, z + 3) and the outward flux of F across the side x = 1 is 1 and across
the side y = 1 is —3. Find the outward flux across the top.

Solutions:

Since div F' = 0, according to the divergence theorem, the total outward flux of F' is 0.
Hence it suffices to calculate the outward fluxes across the other five sides. We have
known the fluxes across the sides + = 1, y = 1, so we only need to find the fluxes

across the sides = = 0, y = 0, z = 0, which are denoted by S, S5, S3. We have

/ F-ndS=0;
S1
/ F-ndS=0;
So

/ F-ndS=-3.
S3

Therefore the flux of the top is 5.
5. Prove the vector field identities:
(@ VX (F\x F)=(F-V)F1+(V-F)F, — (F-V)F, — (V- ) Fy;
(b) V(F1 - F5) = (Fy-V)Fy + (Fy - V)FL + Fy X (V X Fy) + Fy x (V x Fy),

where (F' - V)G means directional derivatives along F for each component of G.
Solutions:
To make the proof clear we use X and Y to denote the two vector fields and to simplify

the notations we use f,; to denote J; f. Moreover, since the three components are similar,



we only examine the first component.

(a) First
X xY = (X3 - X3v? X%y — X'v3 X'Y? — X2vh).
Then it follows that
[V x (X xY)h

= (X2 - X2vY, — (XY - X1Y3) 4
=Y XL+ VX' - XY, — X3V — XPY - XAV 4+ VXL + VX!
= (Y2X5 +YVPX5) + (Y2X' + V35X

— (XY + XPYy) — (X3Y' + X3Y)
=Y -V)X'+ (V- V)X -Y'X| - VX'

—(X-V)Y'— (V- X)Y'+ XY+ XV
=Y - VX' +(V-VX' - (X-V)Y'— (V- X)YL

(b) First
VXY =(Yy—Y5Y; - Y] Yi-Y,)
Then
[X > (VxY)h=X3(Y] -Y,) - X°(Y; - Y7)
= XYI+ XV - (X-V)Y'+ X'V}
Similarly,
[V > (V x X)|h = Y*(X] — X) - YP(X}5 - X))
=Y?X3+VX5 - (V- V)X +Y'X].
Hence
XX (VXY +[Y x (VXxX)i+ (X -V)Y'+ (Y -V)X!
= XY+ XY+ XY+ YIXG + Y2XT +YPX)
= (X-Y),.
Remark 1

Another method could also deal with vector field identities. First we have the following
observations. Let ¢;;;, be the sign of the permutation (ijk) (if (ijk) contains repeated

elements, then ¢, = 0). Then

(X xY);=> euXY*
ik



(V x X); Zgljkx’f

Moreover
> eijkEist = 0Okt — Ojuks,
where
I 1=y,
5ij —
0 i+#7.

Now we use these facts to prove (a) as an example.

[V x (F' x F?)l; = " eiju(F" x F)%
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= eipenat(FF)
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